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Abstract 

, Gaudin model based on the orthosymplectic Lie superalgebra osp(l|2) is 

' studied. The eigenvectors of the osp{\\2) invariant Gaudin hamiltonians are 

5^ , constructed by algebraic Bethe Ansatz. Corresponding creation operators are defined 

, ^ ' by a recurrence relation. Furthermore, explicit solution to this recurrence relation is 

found. The action of the creation operators on the lowest spin vector yields Bethe 
vectors of the model. The relation between the Bethe vectors and solutions to the 
Knizhnik-Zamolodchikov equation of the corresponding super-conformal field theory 
is established. 
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1 Introduction 



Classifying integrable systems solvable in the framework of the quantum inverse scattering 
method |2| by underlying dynamical symmetry algebras, one could say that the Gaudin 
models are the simplest ones being related to loop algebras and classical r -matrices. 
^ \ More sophisticated solvable models correspond to Yangians, quantum affine algebras, 

Q ■ elliptic quantum groups, etc. 

Q . Gaudin models ^] are related to classical r -matrices, and the density of Gaudin 

\ hamiltonians 

2: H^'^^ =Y,ral,{Za-Z,) (1.1) 

O ' 

coincides with the r -matrix. Condition of their commutativity [H^°'\H^'^^\ = is 
nothing else but the classical Yang-Baxter equation (YBE). 

The Gaudin models (GM) associated to classical r -matrices of simple Lie algebras 
were studied in many papers (see |, |, |, 0, |, |, |ll| and references therein). The 



'a 

> 

•l-H . - - ^ ^ ^ ^ ^ . . . H 

^ ' spectrum and eigenfunctions were found using different methods (coordinate and alge- 

braic Bethe Ansatz |5|, separated variables Q, etc.). A relation to the Knizhnik- 
Zamolodchikov equation of conformal filed theory was established ^, 10|. 



There are additional peculiarities of Gaudin models related to classical r -matrices 
based on Lie superalgebras due to Z2 -grading of representation spaces and operators. 
The study of the osp{l\2) invariant Gaudin model corresponding to the simplest non- 
trivial super-case of the osp{l\2) invariant r -matrix started in 1 13]. The spectrum of 



the osp(l|2) invariant Gaudin hamiltonians was given, antisymmetry property of 

their eigenstates was claimed, and a two site model was connected with some physically 
interesting one (a Dicke model). 
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The creation operators used in the sl{2) Gaudin model coincide with one of the 
L -matrix entry |Q, ^. However, in the osp{l\2) case, as we will show, the creation 
operators are complicated polynomials of the two generators X~^(X) and v~^{p) of the 
loop superalgebra. We introduce B -operators belonging to the Borel subalgebra of the 
loop superalgebra C{osp{l\2)) by a recurrence relation. Acting on the lowest spin vector 
(bare vacuum) the i? -operators generate exact eigenstates of the Gaudin hamiltonians 
^ provided Bethe equations are imposed on parameters of the states. For this reason 
the B -operators are sometimes refereed to as the creation operators and the eigenstates 
as the Bethe vectors, or simply B -vectors. Furthermore, the recurrence relation is solved 
explicitly and the commutation relations between the i? -operators and the generators 
of the loop superalgebra C{osp{l\2)) as well as the generators of the global superalgebra 
osp{l\2) C £.{osp{l\2)) are calculated. We prove that the constructed states are lowest 
spin vectors of the global finite dimensional superalgebra osp{l\2) , as it is the case for 
many invariant quantum integrable models [0]. Moreover, a striking coincidence between 
the spectrum of the osp{l\2) invariant Gaudin hamiltonians of spin s and the spectrum 
of the hamiltonians of the sl{2) Gaudin model of the integer spin 2s is found. 

A connection between the 5 -states, when the Bethe equations are not imposed on 
their parameters, of the Gaudin models for simple Lie algebras to the solutions to the 
Knizhnik-Zamolodchikov equation was established in the papers ^. An explana- 
tion of this connection based on Wakimoto modules at critical level of the underlying 
affine algebra was given in |^. An explicit form of the Bethe vectors in the coordinate 
representation was given in both papers ^j. The coordinate Bethe Ansatz for the 
S -states of the osp{l\2) Gaudin model is obtained in our paper as well. Using com- 
mutation relations between the i? -operators and the transfer matrix t{X) , as well as 
the hamiltonians H^""^ , we give an algebraic proof of the fact that explicitly constructed 
-B -states yield a solution to the Knizhnik-Zamolodchikov equation corresponding to a 
super-conformal field theory. This connection permits us to calculate the norm of the 
eigenstates of the Gaudin hamiltonians. An analogous connection is expected between 



quantum osp{l\2) spin system related to the graded Yang-Baxter equation []l2|, 15, 16 
and quantum Knizhnik-Zamolodchikov equation following the lines of [17|. We point out 
possible modifications of the Gaudin hamiltonians and corresponding modifications of 
the Knizhnik-Zamolodchikov equation, similar to the case of the sl{2) Gaudin model 



which was interpreted in ||l^ , 19 1 as a quantization of the Schlesinger system. 



The norm and correlation functions of the sl{2) invariant Gaudin model were evalu- 
ated in using Gauss factorization of a group element and Riemann-Hilbert problem. 
The study of this problem for the Gaudin model based on the osp{l\2) Lie superalgebra 
is in progress. However, we propose a formula for the scalar products of the Bethe states 
which is analogous to the sl{2) case. 

The paper is organized as follows. In Section 2 we review main data of the quantum 
osp{l\2) spin system: the osp{l\2) invariant solution to the graded Yang-Baxter equa- 
tion (i? -matrix), monodromy matrix T(A) , the transfer matrix t(A) = ^strT{X) , its 
eigenvalues and the Bethe equations. The eigenvectors of this quantum integrable spin 
system can be constructed only by a complicated recurrence procedure |2C] which is not 
given here. Nevertheless it is useful to remind the main data of the quantum integrable 
spin system because some characteristics of the corresponding Gaudin model can be ob- 
tained easily as a quasi-classical limit of these data. The osp{l\2) Gaudin model and its 
creation operators Bm are discussed thoroughly in Section 3. Some of the most impor- 
tant properties of these operators are formulated and demonstrated: antisymmetry with 
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respect to their arguments, commutation relations with the loop superalgebra generators, 
commutation relations with the generating function t(A) of the Gaudin hamiltonians, 
a differential identity, valid in the case of the Gaudin realization of the loop superalge- 
bra. Using these properties of the B -operators we prove in Section 4 that acting on the 
lowest spin vector $7_ these operators generate eigenvectors of the generating function 
of integrals of motion, provided the Bethe equations are imposed on the arguments of 
the i? -operators. Possible modifications of the Gaudin hamiltonians are pointed out, 
also. An algebraic proof is given in Section 5 that constructed Bethe vectors are entering 
into solutions of the Knizhnik-Zamolodchikov equation of super-conformal field theory. 
Quasi-classical asymptotic with respect to a parameter of the Knizhnik-Zamolodchikov 
equation permits us to calculate the norm of the eigenstates of the Gaudin hamilto- 
nian. Further development on possible evaluation of correlation functions is discussed in 
Conclusion. 



2 05*^3(112) -invariant -matrix 

Many properties of the Gaudin models can be obtained as a quasi-classical limit of the 
corresponding quantum spin systems related to solutions to the Yang-Baxter equation 

Rl2{X - /i)i2l3(A - l^)i?23(/U -l^)= R23if^ - I^)Rl3{X " i^)i?12(A - fi) , (2.1) 

here the standard notation of the quantum inverse scattering method [0, |[ is used to 
denote spaces V^-,j = 1,2,3 on which corresponding i? -matrices Rij,ij = 12,13,23 act 
non-trivially. In the quasi-classical limit t] ^ 

R{\;r]) = I + r]r{\) + 0{rf), 

some relations simplify and therefore can be solved explicitly providing more detailed 
results for the Gaudin model. 

The graded Yang-Baxter equation ^] differs from the usual Yang-Baxter equation 
(|2.l| ) by some sign factors due to the embedding of i? -matrix into the space of matrices 
acting on the Z2 -graded tensor product Vi (^V2®V^ . At this point our aim is to reach 
fundamental osp{l\2) invariant solution. The rank of the orthosymplectic Lie algebra 
osp{l\2) is one and its dimension is five. The three even generators are h,X~^,X~ and 
the two odd generators are v~^,v~ |21]. The (graded) commutation relations between 
the generators are 

[h,X^ = ±2X^, [X+,X-]=h, 
[h,v^] = ±v^, [v+,v-]^ = -h, (2.2) 
[X^,v^ = , [v^,v^^ = ±2X^ , 

together with = . Notice that the generators h and considered here ( p.2| ) 

differ by a factor of 2 from the ones used in [21, O. Thus the Casimir element is 



C2 = h"^ + 2{X+X- + X~X+) + {v^y- 

= - h + 'iX+X- + 2v+v- . (2.3) 

For further comparison with the sl{2) Gaudin model ^ and due to the chosen set of 
generators ( p.2| ) we parameterize the finite dimensional irreducible representations V^^^ 
of the osp{l\2) Lie superalgebra by an integer /, so that their dimensions 2/-I-1 and the 
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values of the Casimir element ( |2.3| ) C2 = l{l + 1) coincide with the same characteristics 
of the integer spin I irreducible representations of sl{2) . 

We proceed to write down the osp{l\2) invariant solution of the graded Yang-Baxter 
equation and the main data of the corresponding quantum spin system: the L -operator, 
the transfer matrix t(A) , the eigenvalue of the generating function of the integrals of 
motion i(A) and the Bethe equations. 

The fundamental irreducible representation V of osp{l\2) is three dimensional. We 
choose a gradation (parity) of the basis vectors e^; j = 1,2,3 to be (0, 1,0) . 



The invariant i? -matrix is a linear combination |12] 



R = XlX + ^)l + r^(x + ^]V-vXK, (2.4) 



2 J 'V 2 

of the three 0Sp{l\2) group invariant operators 

[g^g,X]=0, geOSp{l\2), XeEnd{V®V), (2.5) 

acting on V : the identity / , the permutation V and a rank one projector K . In 
the equation (^^) A is the spectral parameter, and is a quasi-classical parameter. 

Using the projectors on the irreducible representation components in the Clebsch- 
Gordan decomposition V 0V = F^^^ © V^^^ © 

P2 = l{I + V), P, = ^{I-V-2K) , Po = K, (2.6) 



one can represent the -matrix ( |2.4D in the form 

.<,.,,.„,„)(,, I) (p., A^..,y5Z|p„) p., 

Deforming these projectors to the quantum superalgebra ospg{l\2) projectors |2^, |4| 
Pi — > Pi{q) and substituting rational functions by trigonometric ones (Airy) — > sinh(Aib 
r]) , one arrives to a trigonometric solution to the graded Yang-Baxter equation, in the 
braid group form, and corresponding anisotropic models |24, 27 1. 



The L -operator of the quantum spin system on a one-dimensional lattice with 
sites coincides with R -matrix acting on a tensor product Vq ® Va of auxiliary space Vq 
and the space of states at site a = 1, 2, ... 

LoaiX - Za) = RoaiX " ^a) , (2.8) 

where Za is a parameter of inhomogeneity (site dependence) |l|, |2|. Corresponding mon- 
odromy matrix T is an ordered product of the L -operators 

N 

r(A; {z4f ) = LoAr(A -zn)... Loi{\ - ^i) =[! ^Oa(A - Za) . (2.9) 

a=l 

The commutation relations of the T -matrix entries follow from the FRT-relation Q 

i?i2(A - /i)ri(A)r2(/x) = T2{^x)Tl{x)Ru{x - m) . (2.10) 
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Multiplying ( 2.10 ) by taking the super-trace over Vi (8) V2 , one gets commuta- 

tivity of the transfer matrix 

= Y.(-^y^'^:>^i>^-^ {^-}^) = - + ^33 (2.11) 

j 

for different values of the spectral parameter i(A)i(;u) = t{p,)t{X) . 

The choice of the L -operators (^) corresponds to the following space of states of 
the osp(l|2) -spin system 

N 

n = ^ Va. 

a=l 

The eigenvalue of the transfer matrix t{\) in this space is p 



M 

A(A;{/x,}f) = af\X;{za}f)YlSi{X-f,,)-af\X;{za}f)x 

M 

X Jj5i(A-/Xj + |)5_i(A-//j+r?) + 

+ af\x■,{za}^)J[S^,(^X-^^, + ^y (2.12) 

where af^\X; {za}i ) = DfeLi «j(A - ^fc) ; J = 1,2,3, 

ai(A) = (A + r/) (A + 3r?/2) , a2(A) = A (A + 877/2) , 

a3(A) = X{X + v/2), 5„(/x) = ^^^^. (2.13) 



Although according to (|2.12[) the eigenvalue has formally two sets of poles at A = /Xj — 77/2 
and X = fij — r] , the corresponding residues are zero due to the Bethe equations [^] 

n i '^'l-Zi ) = n^i(/^. -^^)^-2(M, -^.) . (2.14) 

a=l ^'^^ k=l 

If we take different spins la at different sites of the lattice and the following space of 
states 

a=l 

then the factors on the left hand side of ( 2.14| ) will be spin dependent too 

Atj - Za + r]la/2 
fJ-j - Za- ■nla/2 ' 

The osp{l\2) invariant -matrix (p.4|) has more complicated structure than the sl{2) 
invariant i? -matrix of C. N. Yang R = XI + rjV . As a consequence the commutation 
relations of the entries Tij{X) of the T -matrix ( |2.9D are more complicated and construc- 
tion of the eigenstates of the transfer matrix t(X) by the algebraic Bethe Ansatz can be 
done only using a complicated recurrence relation expressed in terms of Tij{fik) ||2^ (see 
also [|l^] for the case of osp{l\2) ). It will be shown below that due to a simplification 
of this relation in the quasi-classical limit r/ — > one can solve it and find the creation 
operators for the osp{l\2) Gaudin model explicitly. Furthermore, the commutation rela- 
tions between the creation operators and the generators of the loop superalgebra as well 
as the generating function t{X) of the Gaudin hamiltonians will be given explicitly. 
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3 0Sp{l\2) Gaudin model and corresponding creation op- 
erators 



As in the case of any simple Lie algebra, the classical r -matrix of the orthosymplectic 
Lie algebra osp{l\2) can be expressed in a pure algebraic form using (reduced) Casimir 
element in the tensor product osp{l\2) ^ osp(l|2) f\Z 



f(A) 



1 



"2 ' 



cf = h(g)h + 2 {X+ (g)X- + X- (g) X+) + {v+ (g,v- -y- (g) v+) . (3.1) 

The matrix form of the Casimir element f in the fundamental representation vr of 
osp{l\2) follows from ( |3.lD by substituting appropriate 3x3 matrices instead of the 
osp{l\2) generators (pT 
and odd matrices Ifi^ 



1 21[| and taking into account Z2 -graded tensor product of even 
Alternatively, the same matrix form of f can be obtained as a 
term linear in rj in the quasi-classical expansion of (|2.4|), (p 



where V is a graded permutation matrix and is a rank one projector. Let us write 
explicitly the matrix form oi = V — K in the basis ei (8> ei, ei (8> 62, ei (8> 63, . . . , 63 (8) 63 
of the tensor product of two copies of the fundamental representation V ®V 



( 1 



ro = Ar(A) = V-K 



\ 



-1 


-1 




2 











1 








-1 


2 


1 


1 


-1 



V 



(3.2) 



1 / 



with all the other entries of this 9x9 matrix being identically equal to zero. 

A quasi-classical limit r/ ^ of the FRT-relations ( 2.1C| ) results in a matrix form of 
the loop superalgebra relation (T(A; rj) = I + '>]L{X) + 0{rj'^)) 



L (A), L (/i) 



ri2{X-n), L (A)+ L in) 



(3.3) 



Both sides of this relation have the usual commutators of even 9x9 matrices L (A) = 

L(A) I3 , L (fJ.) = I3 -^(m) ^"12 (A — /x) , where 13 is 3 x 3 unit matrix and L(X) 
2 

has loop superalgebra valued entries: 



L(A) 




-v-{X) 2X-{X) 
v~{X) 
v+{X) -h{X) 



(3.4) 
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The relation ( |3.3| ) is a compact matrix form of the following commutation relations 
between the generators h{X), v^{fi), X^{v) of the loop superalgebra under consideration 

[h{X) , X^if,)] = t2 4 ^ [/i(A) , = T ^, 

A — ^ A — fJ, 

(3.5) 

together with [X±(A) , =0. 

Actually these commutation relations ( |3.5D define the positive part £+(osp(l|2)) of 
the loop superalgebra. The usual generators of a loop algebra parameterized by 
non-negative integer, are obtained from the expansion of ^(A) 



Yn 



Xn+l- 
n>0 

In particular, taking all 1^ = for n > one gets an L -operator L(X) = Lq/X, 
where Lq is osp(l| 2) -valued matrix. This Lq similar to ro satisfies cubic characteristic 
equation with the osp{l\2) Casimir element (|2.3| ) as coefficient 

Ll + 2Ll - (C2 - 1) Lo - C2/ = . (3.6) 



A Gaudin realization of the loop algebra ( |3.5| ) can be defined through the generators 
Y = {h,v^,X^) 

^ Y 

^(^)=Et3^' ^aGEnd(K), (3.7) 

a=l 

where Ya are osp(l|2) generators in an irreducible representation Va""^ of the lowest 



spin —la associated with each site a @, ||. Then the L -operator ( |3.4| ) has the form 

L{X;{za}^) = Er^' (3-8) 

— A — Zn 



a=l 



here {za}i are parameters of the model (cf (|2.8| ), (|2.9| )). It follows from the relation 
( |3.8| ) that the first term in the asymptotic expansion near A = oo defines generators of 
the global osp{l\2) C C+{osp{l\2)) 



N 

Lgi= hm AL(A) = y^La, (3.9) 



a=l 

where 





( 


hgl 




2X" 


Lgl - 




gi 









\ 




"J 


-hgl 



(3.10) 
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Moreover, from the equation ( |3.3| ) we get 

Lgh L ifi) 
. 1 2 

here Lgi= Lgi I3 , e.g. [hgi , v+{^i)] = 



^0 , L (/i) 
2 



(3.11) 



Let us consider the loop superalgebra Cj^{osp{l\2)) as the dynamical symmetry al- 
gebra, i.e. as the algebra of observables. In order to define a dynamical system besides 
the algebra of observables we need to specify a hamiltonian. It is a well-known fact that 
due to the r -matrix relation (|3.3|), the so-called Sklyanin linear brackets, the elements 



t{X) = ^strL\X) = h\X) + 2[X+{X),X-{X)]+ + [v+{X),v-{X)]. 

= h^{X) + h'{X) + 4X+{X)X~{X) + 2v+{X)v-{X) (3.12) 

commute for different values of the spectral parameter t(A)t(/i) = t{fi)t{X) . Thus, t{X) 
can be considered as a generating function of integrals of motion. 

It is straightforward to calculate the commutation relations between the operator 
t{X) and the generators of the loop algebra X~^{fi) and v~^{fi) 

X+(^)/i(A) -X+(A)/i(/.) v+{X)v+{f,)-v+{f,)v+{X) 



[t(A),X+(/.)] 
[t(A),t;+(/x)] 



X — fi 

v+{fi)h{X) -v+{X)h{fi) 



A — /u 

X+{^,)v-{X)-X+{X)v-{fi) 



(3.13) 



(3.14) 



A — /i X — fi 

These relations will be important for the proof of the lemma 3.6 as well as the proof of 
the main theorem. 

A direct consequence of the equation ( ^.11 ) is an invariance of the generating function 
of integrals of motion t(A) under the action of the global osp(l|2) 



[t{X),Lgl]=0. 



(3.15) 



Preserving some generality we can consider the representation space Tiph of the 
dynamical algebra to be a lowest spin p(X) representation of the loop superalgebra with 
the lowest spin vector r2_ 



/i(A)n_ = p(A)n_ , v-{x)n^ 



0. 



(3.16) 



In particular, a representation of the Gaudin realization (3^) can be obtained by con 



sidering irreducible representations V^'"'* of the Lie superalgebra osp{l\2) defined by a 



spin —la and a lowest spin vector oja such that v^oJa = and haU>a 



N 



UJn 



a=l 



and p{X) 



N 



-In 



-laUJa • Thus, 

(3.17) 



It is a well-known fact in the theory of Gaudin models |^ |5[, that the Gaudin 
hamiltonian 



Hi") 



cf(a,6) 



Zb 



Zb 



{hah + 2 (X+X,- + X-X+) + {vt 



(3.18) 
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can be obtained as the residue of the operator t{X) at the point X = Za using the 
expansion 

To construct the set of eigenstates of the generating function of integrals of motion 
t{X) we have to define appropriate creation operators. The creation operators used in 
the sl{2) Gaudin model coincide with one of the L -matrix entry Q However, in the 
osp{l\2) case the creation operators are complicated functions of the two generators of 
the loop superalgebra X~^{X) and v~^{fi) . 

Definition 3.1 Let . . . , /ijvf ) belong to the Borel subalgebra B of the osp{l\2) 

loop algebra (osp(l|2)) such that 



M 



j=2 ^1 - 



(3.20) 

with Bq = 1, -Bi(/u) = v~^{^) and Bm = for M < . The notation adopted here is 
that upper index of i?^^''_2(^2) • • • , fJ'Al) means that the argument fj,j is omitted. 



Remark 3.1 It may be useful to write down the explicit expressions for the first few 
creation operators 

Bo = 1 = V+{^l) , S2(/Xi,/i2) = V+{fli)v+ifl2) + 2^^^ , 

/"I - 

i33(m,/^2,^3)=^^+(m)i?2(M2,A^3) + 2X+(^l)f^^^M_^£^') , (3.21) 



54(A*1, A*2, A*3,/^4) = 1^^(/il)-B3(;U2,/i3,/^4) + 2X+(;U 



1) ^ 

-^2(^3,^4) _ B2{H2,1^a) _^ B2{^l2,^J'3) 
fJ-l - IJ'2 - /Ul - ^4 

The creation operators i?A/(/ii, . . . , /^m) together with h{iy) generate the Borel 
subalgebra B C £+ . As we will show below, the B -operators are such that the Bethe 
vectors are generated by their action on the lowest spin vector 0_ ( p^ . To prove this 
result we will need some important properties of the B -operators which are summarized 
in the following seven lemmas. 

Lemma 3.1 The creation operators Bi\j{fii, . . . , are antisymmetric functions of 

their arguments 

-Bm(/^i, • • • , /^fc, A'fc+i, • • • , /^m) = — BM{fJ-i, ■ ■ ■ , ^J-k+i, ^J'k, ■ ■ ■ , fJ-M) , (3.22) 
here Kk < M and M > 2 . 



Sometimes an alternative formulation of the recurrence relation (3.20) can be useful. 
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Lemma 3.2 Alternatively, the recurrence relation (3.2C) can be written in the following 
form 

i=i 

X B[t,{fi,, ^^M-l) , (3.23) 

with Bo = 1, Bi{^) = v+ip,) and Bn = 0, for N <0 . 

In the subsequent lemmas we will calculate the commutation relations between the 
generators of the loop superalgebra C{osp{l\2)) and the -operators. In order to 
simplify the formulas we will omit the arguments and denote the creation operator 
BAiifJ-i, ■ ■ ■ , ^J'M) by Bm ■ We suppose that it will not be difficult to restore the 
appropriate set of arguments. 

Lemma 3.3 The commutation relations between the generator v^{X) of the loop super- 
algebra and the creation operator Bm oltc given by 

v^X)Bm = (-l)^SM.+ (A) + 2^(-l)^-^^i4^^^<-i' (3.24) 

(i) 

here as in the previous lemma the upper index of B£^_^ means that the argument fij is 
omitted. 



Lemma 3.4 The generator h{u) has the following commutation relation with the Bm 
elements 



h{X)BM = BM{h{X) + Y,^y^j^ 



M 



1 



.+ (A)i?g_, + 2X+(A) L^r___^ 



M 



(_l).+e(.-.) 



\ 



\ 



M-2 



J 



(3.25) 



here is Heaviside function 



e(j) 



1 ifj>0 
ifj<0 ' 



(i i) 

and the meaning of the upper indices of B)^_2 ^hat the parameters are omitted. 
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Lemma 3.5 The generator v (A) of the loop superalgebra has the following commuta- 
tion relation with the B -operators 

v'{X)Bm = i-irSMV-iX) + f:i-iy-'B\^l, f hW -Kl^.) 

\ ^ H'j 



M 



1 



k=l l^k){fJ'k- 



M 



+ «+(A) E (-1 



,i-j-l_°M-2_ 



1 1 

+ 



(3.26) 



Already at this point we can make some useful observations. 

Remark 3.2 The commutation relations between the generators of the global osp{l\2) 
( 3.1C ) and the Bm elements follow from the lemmas 3.3-5. To see this we multiply 
(3.24), (3.25) and (3.26) by A and then take the limit A — > cxo . In this way we obtain 

M 



vt,BM = {-l)^'BMV^i-2Y,i-^)'X+{f^,)B^il, 



hglBM 



Bm {hgi + M) 



M 



v„,Bm 



M 



(3.27) 
(3.28) 
. (3.29) 



The subsequent lemma is one of the most important results. The proof of the main 
theorem is based on the following. 

Lemma 3.6 The generating function of integrals of motion t{X) l\3.1i ) has the following 
commutation relation with the creation operator i?A/(/xi, . . . ,^m) 



( 



t{X)B_ 



M 



BMt{X) + 2Bm 
/ 

V 



M M 



1 



V 



i<j 



M 



-iX)BS_, + 2X+(A) J2 ^^^^^^^E^2 



\ 



Hi - Hj 



Pm (^i 



M 



+ 45^fi^S«_,(X+(A)^;-(/x.)-X+(^>-(A)) . 



(3.30) 



Here we use the following notation for the operator 

M 



^Mim) = Hfii) + — - — 
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In the Gaudin reahzation (3/7) the creation operators i?Af (^i, . . . , /iA/) have some 
specific analytical properties. 



Lemma 3.7 The B -operators in the Gaudin realization l\3.'\ ) satisfy an important 
differential identity 

This identity will be fundamental step in establishing a connection between the Bethe 
vectors and the Knizhnik-Zamolodchikov equation. 

The proofs of the lemmas are based on the induction method. As illustrations, we 
prove explicitly lemma 3.1 and lemma 3.3. 

Proof of lemma 3.1. We prove the lemma 3.1 by induction. Consider M = 2 



Using the commutation relations ( p.Sj ) it is straightforward to check that i?2(/^i,^2) is 
antisymmetric 

-B2(m,/X2) = --62(^2, /^i) • 

Assume Biy{fii, . . . , fi^) is antisymmetric for M > > 2 . We have to prove that 
-Ba/ (/^i, • • • , ^J'M) is antisymmetric also. 

Consider j > 2 , the antisymmetry of i?A/(/^i, • • • ,/iAf) with respect to fij and fJ.j+i 
follows directly form the recurrence relation (|3.2C| ) and our assumption. Namely, the 
terms S^^_2(/U2, /Ua//)/(/Ui - /x^) and S^^2^(/i2, AtM)/(Aii - /"i+i) enter with the 
opposite sign. 

Therefore we only have to show the antisymmetry of Bm{^^i-, ■ ■ ■ ,1^m) with respect 
to the interchange of and ^2 ■ To see this we have to iterate the recurrence relation 
(3.20) twice and combine the appropriate terms 

5a/(/Ui, . . . ,/XA^) = fl'+(/il)w+(/U2) + 2^-^^^ BA/-2(Ai3, • • • , /^m) 

+ 2^+(^i)X+(/i2) ^^^M-3(/"3, . . . , m) 
M 



2^;+(^2)X+(^i) f2 -^^^Slsl/^s, • • • , m) 



,=3 1^1 -H 

+ 4X+(^i)^+(^2) E E ^-^ 4S(/^3, . . . , m) 

(3.32) 

where -B|^'^^^(//3, . . . , /iAf) means that the arguments /Xj and /x^ are omitted. Since 
v'^{li) commutes with X~^{v) , the antisymmetry of the right hand side of ( p. 32 ) with 
respect to /ii and ^2 follows. Hence we have demonstrated the lemma. □ 
We proceed now to prove the lemma 3.3. 
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Proof of lemma 3.3. In particular, when M = 1 the expression (3.24) is just the 
anticommutator between t''''(A) and v^{fi) . Using the recurrence relations ( |3.20 ) it is 
straightforward to check that the formula ( |3.24 ) holds for M = 2 



S2(m, M2)t'+(A) - 2 — ^ ^ v+{^,2) 



A - /Ui 



A - /X2 



(3.33) 



Therefore we can proceed to demonstrate the lemma 3.3 by induction. Assume that the 
relation ( 3.24 ) holds for Bj\[ , M > N > 2 . Then we have to show the formula ( 3.24| ) is 
valid for M + 1 . We use the recurrence relations ( 3.20 ) to write 



M+l 



+1 



-(A) ^+(/.i)Sm + 2X+(^i) ^^B^-i 



i=2 



/ii - ^ij 



AI+l 



+ 2X+(/.i)^ 



i=2 



A - /Ui 



(3.34) 



Now we can substitute the expressions for v+{\)Bm and v+{\)B^^]_^. After rearranging 
the terms in an appropriate way we have 



vH>^)Bm+i = (-1)*'^+^Sm+i^+(A) + 2 V(-l)^-^^i^^-^^B 



(i) 

M 



(3.35) 

This completes the proof of the lemma. □ 
Subsequently we demonstrate the lemma 3.2. 

Proof of lemma 3. 2. The first step in this proof is to use the antisymmetry property 
lemma 3.1. The second step is to use the defining recurrence relations. Then we use the 
lemma 3.3 and finally after some cancellations we get the right hand side of the equation 

dm)- 

f3 22^ ^3 20) 

Sa/(/^i, • • • ,^m) = (-l)^~"^-BM(/iM,/Wi, • • • ,/WM-i) = {-1)^''^^v^{ixm)^ 

M-l 

xBM-lilil, . . . ,//M-l) + (-1)^^-'2X+(^m) V ^ ^ ^S-2(^l' • • • >^M-l) 

A'l — 1 



M-l 



IJ-M — fJ-j 



M~l 



BM-iii^i, m-i)v^{m) + 2 V {-i)^'~^~'^^^B[^l,{f,,, ...^ 
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□ 

The proofs of the other lemmas are analogous to the proofs of the lemmas 3.1 and 
3.3. Since these proofs do not contain illuminating insights and are considerably longer 
than the two we have seen we will omit them. 

The recurrence relation (|3.20| ) can be solved explicitly. To be able to express the 
solution of the recurrence relation in a compact form it is useful to introduce a contraction 
operator d . 

Definition 3.2 Let d be a contraction operator whose action on an ordered product 
M 

Y\ v~^{ij,j) , M >2 , is given by 

M-l M f_-.y(jk) M 

d{v+{fii)v+{f,2)...v+{f,M))=2Y,X^{f^j)T. -^ n ^^(^™)' (3.36) 

j=l k=j+l mj^j,k 

where o'{jk) is the parity of the permutation 

a : {l,2,...,j,j + l,...,k,...,M) ^ (1, 2, . . . , j, fc, j + 1, . . . , M) . 

M 

The d operator can be applied on an ordered product Yl ^^(/^j) consecutively several 

times. As an illustration, we explicitly apply the contraction operator d two times in 
the case when M = 4 

d^ {v+{f,i)v^{f,2)v^{f,3)v+ilM4)) =d{d (t;+(/ii)r;+(/i2)^;+(/X3)r;+(/X4))) 
.^^+(^^)/^ ^(^+(/^3)^^+(/i4)) d{v+{^^2)v^{^^,)) ^ d(^+(/i2)t;+(^3)) 

^ V (/^l - ^2)(^3 - At4) (/^l - M3)(M2 - /^4) (/^l - l^3){l^2 - f^i) 

It follows that the contraction operator d can be applied on an ordered product 

M 

n v^ilJ-j) up to [M/2] times consecutively. The symbol [M/2] denotes the integer 
j=i 

part of M/2 . 

Theorem 3.1 Explicit solution to the recurrence relation ( 3.2(\ ) is given by 



M [M/2] ^ M 



j=l m=l j=l 



here d is the contraction operator defined above ( \3. 3(\) 



The properties of the creation operators Bm studied in this Section will be 
fundamental tools in determining some of the most important characteristics of the 
osp{l[2) Gaudin model. Our primary interest is to obtain the spectrum and the eigen- 
vectors of the generating function of integrals of motion t(A) ( |3.12| ). 
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4 Spectrum of the OSp{l\2) Gaudin model and its modifi- 
cations 



With the help of the creation operators Bm it is possible to obtain the eigenvectors as 
well as the corresponding eigenvalues of the Gaudin hamiltonians. This result is a direct 
consequence of the following theorem. 



Theorem 4.1 The lowest spin vector il_ ( 3. It ) is an eigenvector of the generating 
function of integrals of motion t{X) (jS.l^ ) with the corresponding eigenvalue Ao(A) 

t{X)n^ = Ao{X)n. , Ao(A) =p2(A)+p'(A) . (4.1) 

Furthermore, the action of the B -operators on the lowest spin vector 0_ yields the 
eigenvectors 

"^{m, hm) = BM{fii, fiM) ^- , (4.2) 

of the t{X) operator 

t(A)^'(/ii,...,^M) = A(A; {^lj}j^^)^{^ll,...,^iM) , (4.3) 
with the eigenvalues 

M 

A(A; {^,}*£i) = Ao(A) + 2p{X) ^ + 2 J] — ^ , (4.4) 

provided that the Bethe equations are imposed on the parameters {/Uj}*£]^ 

M ^ 

hiil^j) = Pil^j) + — = • (4-5) 

Proof. The equation ([4.1| ) can be checked by a direct substitution of the definitions 
of the operator t(A) and the lowest spin vector J7_ , the equations ( p.l2 ) and ( 3.16| ), 
respectively. 

To show the second part of the theorem, we use the equation ( ^ ) to express the 
Bethe vectors ^(/xi, . . . , /xm) 

t(A)^'(/ii,...,/iM) =t(A) BAf(/ii,...,/iAf) 17- . (4.6) 

Our next step is to use the lemma 3.6. and the definition of the lowest spin vector $7_ 
the equation ( 3.16| ) in order to calculate the action of the operator t{X) on the Bethe 
vectors when the Bethe equations ( [4. 51) are imposed 

/ M . M \ 

t{X)BMn^ = BMt{X)n^ + 2 p{X) T + E n \n ^ ■ (4-^) 

y ~t^-l^i ^ (^-^0(A-/^i)y 

We can express the first term on the right hand side since we know how the operator 
t{X) acts on the vector ri_ , the equation (|4.1D, 



t{X)BMn^ = ( Ao(A) + 2 lp{X) E + Yn \] I ' ^^'^^ 

The eigenvalue equation (|4.3| ) as well as the expression for the eigenvalues (|4.4| ) follow 
from the equation (|4.8|). □ 



15 



Corollary 4.1 In the Gaudin realization of the loop superalgebra given by the 
equations (3/1) and { 3.11 } the Bethe vectors ^(/^i, . . . , /ijvf) (U-A ) '^'^e the eigenvectors 
of the Gaudin hamiltonians ( 3.18^ 



with the eigenvalues 



E 



(a) 
M 



N 



— 7,. 



M 



Zb 



when the Bethe equations are imposed 

M 



1 



N 



(4.9) 



(4.10) 



M 



(4.11) 



Proof. The statement of the coronary follows from residue of the equation ( |4.3| ) at the 
point X = Za ■ The residue can be determined using (III), (U) and Q. □ 
The eigenvalue ( |4.4| ) of the operator t(A) and the Bethe equations ( [4. 5]) can be ob- 
tained also as the appropriate terms in the quasi-classical limit r/ — > of the expressions 
(|2l2|) and (|1|). 

Comparing the eigenvalues E^^j ( [4.10| ) of the Gaudin hamiltonians and the Bethe 
equations ( 4.11 ) with the corresponding quantities of the sl{2) Gaudin model ^ we 
arrive to an interesting observation. 



Remark 4.1 The spectrum of the osp{\\2) Gaudin model with the spins la coincides 
with the spectrum of the sl{2) Gaudin system for the integer spins (cf. an analogous 
observation for partition functions of corresponding anisotropic vertex models in j^/j. 



Remark 4.2 The Bethe vectors are eigenstates of the global generator hgi 



N \ 
a=l J 



IJ'M] 



(4.12) 



Moreover, these Bethe vectors are the lowest spin vectors of the global osp{l\2) since 
they are annihilated by the generator v~. 



(4.13) 



once the Bethe equations are imposed (JA^. These conclusions follow from the remark 
3.2 the equations ( 3. 2t ), ( 3.2i ) and the definition of the Bethe vectors (j.i). 

Hence, action of the global generator on the lowest spin vectors ^(/^i, . . . , ^im) 
generates a multiplet of eigenvectors of the operator t(A) 



(v+y^{fii,...,fiM) , m= 1,2,...,2 (^^la-M^ 



(4.14) 
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One can repeat the arguments of |T^, ^ to demonstrate combinatorially completeness of 
the constructed states. 

As was pomted out already in for the sl{2) case, there are several modifications 
of the hamiltonians ( |3.18| ). One of them is the Richardson's pairing- force hamiltonian 
p5[| . These modifications can be formulated in the framework of universal L-operator 
and r -matrix formalism (^^) [|[ . 

Due to invariance of the r -matrix ( p.lj ) 

[r{X),Y (^I + 1 (S)Y]=0, Y€osp{l\2) (4.15) 
one can add to the L-operator any element of osp{l\2) 

L{X) ^ L{\) = gY + L{\) , (4.16) 
preserving commutation relations (^.S]). If we choose Y = h , then 

^(A) = i str L2(A) = t{\) + 2g h{X) + g"^ , (4.17) 

will have the commutativity property, i.e. t{X)t{fj,) = t(/x)t(A) . Hence we can take t{X) 
to be the generating function of the (modified) integrals of motion 



N 



H^''^ = 9K + J2'^^. (4.19) 
Notice that the global osp{l\2) symmetry is now broken down to global u{l) 



[t{X),h 



N 



a=l 



. (4.20) 



In this case the eigenstates are generated by the same B-operators. However, 

corresponding eigenvalues and Bethe equations are now given by 

1 

K{X-{H}f=i) = A{^■,{^^,}f^l) + 2gp{X) + 2gY,Y^ + 9^ (4.21) 

i=i ^ 

= 5 (-/,), (4.22) 

N Af 

+ = • (4-23) 

a=l ^'^ kj^j 

The crucial step in the proof of these equations is the observation that the commutation 
relations between the operator t(A) ([4.17] ) and the creation operators Bm are equal to 
the commutation relations ( p.30D but with modified operator ^Mi/J-j) — ^ /3m (Mj) + 9-^0 
see this notice the similarity between the terms with {X) B^^j operators and with 

X^[X)B^^f2r, operators in the lemma 3.4 the equation (|3.25D and in the lemma 3.6 the 
equation ( |3.30| ). 
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Richardson like hamiltonian ||2^ can be obtained as a coefficient in the A — > oo 
expansion 



i(A) = g 



2 N I ( ^ \ 1 

+ y 5^ /ia + ^ 25 ^ Zaha + C^igl) + O(^) • (4.24) 
a=l \ a=l / 



The first coefficient in this expansion is hgi , global u{l) symmetry generator (4.20). Let 
us denote the second coefficient by 2Hg . Using the global osp{l\2) algebra generators 
one can write this hamiltonian in the form 



N 



Hg = gJ2'<^ha + 2X^^X-+v^iv;^, (4.25) 

a=l 

where we have omitted the term hgi{hgi — 1) . The eigenvalues of the hamiltonian Hg 
are given by 

M N 

Hg'^M{^l,...,^M) = Eg'i?M{fJ'l,---,fJ-M) , Eg = '^^j -'^laZa ■ (4.26) 

j=l a=l 

A realization of the generators in terms of fermionic oscillators in the s/(2) case yields 
Richardson hamiltonian |^]. In the osp{l\2) case, which we consider here, there are 
extra fermionic degrees of freedom due to the term v~^iV^i and constraints ('W^)^ = . 

One can realize Sklyanin bracket ( p. 3D using an L-operator with bosonic and fermionic 
oscillator entries 

/A -7 26 \ 
LoscW = 7+ 7 , (4.27) 
\ 26+ 7+ -A / 

where 

[6,6+] =1, [7,7+]^ = l, 72 = (^+)2 = o. (4.28) 

It is straightforward to see that the corresponding realization of the loop superalgebra 
will have only two nonzero commutators. Hence, one can consider a combination of 
Gaudin and oscillator realizations 

L(A) = Losc{\) + L{\) . (4.29) 

Intergals of motion can be obtained using 

t-(A) = istr(LL(A) + 2WA)L(A)+L2(A)) 

= t(A) + A2 + 2(66++6+6) + (7+7-7 7+) 

+ 2(A/i(A) + 2(6X+(A) + 6+X-(A)) + (7+w~(A)-7i;+(A))) . (4.30) 
Correspoding B-operators can be constructed using 

v+{X)=-f+ + v+{X) , X+(A) = 6+ + X+(A) . (4.31) 
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Finaly, the eigenvalues A and the Bethe equations are given by 

M 



A(A; {f,,}fU) = A(A; {f,,}fU) + 2{X p{X) + 1) + J] —— + (4.32) 

i=i ^ 

N A/ 
a=l fc^i 

Further modifications can be obtained considering quasi-classical Hmit of the quan- 
tum spin system with non-periodic boundary conditions and corresponding reflection 
equation. 

The expression of the eigenvector of a solvable model in terms of local variables 
parameterized by sites of the chain or by space coordinates is known as coordinate Bethe 
Ansatz . The coordinate representation of the Bethe vectors gives explicitly analytical 
dependece on the parameters and {za}i useful in a relation to the Knizhnik- 

Zamolodchikov equation (Section 5). Using the Gaudin realization ( |3.7[ ) of the generators 

a=l a=l 

and the definition of the creation operators ( |3.37| ), one can get the coordinate represen- 
tation of the i3 -operators: 

TV 

i?M(/il, /iM) = Yl « ■ ■ ■ <X n 'P{{^^t^}[^^^-,^a) , (4.34) 

TT a=l 

where the first sum is taken over ordered partitions vr of the set (1,2,...,M) into 
subsets /Ca, a = l,2,...,A^, including empty subsets with the constraints 

IJ/Ca = (1,2,...,M) , /Caf|^fe = fora/6. 

a 

The corresponding subset of quasimomenta 

(a) _ (a) _ ((^) _ ■ ' a IC 

where | /Cq | is the cardinality of the subset /Ca , and jk < jk+i , entering into the 
coordinate wave function 

^{{I'mjf^^z) = (-l)^^'^U(l^a(l) -l^a(2))(j^a(2) -J^a(3))---(J^|/C| -^))~^ • 

o"e5|K:| 

Due to the alternative sum over permutations a € this functions is antisymmetric 
with respect to the quasi- momenta. Finally the first factor in ( 4.34| ) 

(v+ ■■■v+ ) 

means that for jm € JCa corresponding indices of f +. are equal to a so that u+ = u+ . 

Jm 3 m 

One can collect these operators into product H^i (^(T)''^"' > consequently we have an 
extra sign factor (-I)pW. 

This coordinate representation is similar to the representations obtained in [0, 0, 10 



for the Gaudin models related to the simple Lie algebras (see also ||2^ ) . The Z2 -grading 
results in extra signs, while the complicated structure of the -Bm -operators (for the 
sl{2) -GM they are just products of Bi -operators Bi{^j) = X~^(fij) ) is connected with 
the fact that [vj')'^ = ^ while for j ^ k and v'^ anticommute. 
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5 Solutions to the Knizhnik-Zamolodchikov equation 

Correlation functions 'iIj{zi, . . . , Zn) of a two dimensional conformal field theory satisfy 
the Knizhnik-Zamolodchikov equation p^] 



K^1p{zi,. ..,Zn) 
dZa 



2^ :— I tp{zi,...,Zn) 



Za - Zb 



(5.1) 



where are generators of an orthonormal basis of a simple Lie algebra in a finite 
dimensional irreducible representation Va and tl^^zi, . . . , Zn) is a function of N complex 

N 

variables taking values in a tensor product (8) Va ■ The operator on the right hand side 

a=l 



of ( [5. ID is a Gaudin hamiltonian (1.1). 

A relation between the Bethe vectors of the Gaudin model related to simple Lie 
algebras and the solutions to the Knizhnik-Zamolodchikov equation is well known for 
sometime Approach used here to obtain solutions to the Knizhnik-Zamolodchikov 

equation corresponding to super-conformal field theory and Lie superalgebra osp{l\2) 
starting from B- vectors (|4.2| ) is based on |^. 

A solution in question is represented as a contour integral over the variables /ii . . . 



i'izi, 



ZN) 



(j){jl\z)^{fl\z) d^i... d^M , 



where an integrating factor (j)(fl\z) is a scalar function 



M 



N 



(t>{U\z) 



lalh 



M N 



Zb) 



a<b 



nn(« 

^A;=l c=l 



(5.2) 



(5.3) 



and ^{fl\z) is a Bethe vector ( [4.2[ ) where the corresponding Bethe equations are not 
imposed. 

As a first step in the proof that ip{zi, . . . Z]\f) given by ( |5.2| ) is a solution of ( |5.1|) we 
differentiate the product (p^ with respect to Za and obtain 



Using (5.3) the first term on the right hand side can be calculated explicitly 

^ TV M ^ 

_ 'a l-b 'a 

b=l ~ j=l ^'^ ~ 



(5.4) 



Furthermore, taking a residue of (|3.30|) at X = Za we have 



E 



M S 



(5.5) 



j=i 



where 



AI 



fJ-j — IJ'k 



M-2 



(5.6) 



(5.7) 
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Hence (5.4) can be written as 



M 



.7=1 



(5.8) 



Moreover, from (5.3) we also have 



Kd, 



Mi' 



N M 
a=l j=l 



4> = PM{^J■j)(^> 



(5.9) 



and from the lemma 3.7 follows 



M 



(5.10) 



Thus, using (U) and (|1^), 



kS,, ((A^-) = (0^') + « X] ^' 



-IV 



(5.11) 



A closed contour integration of 0^' with respect to //i, . . . , will cancel the contribu- 
tion from the terms under the sum in ( ^.11| ) and therefore il}{zi, . . . z^) given by ( ^.2| ) 
satisfies the Knizhnik-Zamolodchikov equation. 

Conjugated Bethe vectors (Bm^-)* are entering into the solution ip{zi,...ZN) of 
the dual Knizhnik-Zamolodchikov equation 



k—'iP{zi,...,zn) = 'iP{zi,...,zn) H^"^ . 



(5.12) 



The scalar product \^4^{zi, . . . , zn) , i^izi, ■ ■ ■ , ZN)j does not depend on {zj}^^ and its 
quasi-classical limit k ^ gives the norm of the Bethe vectors due to the fact that the 
stationary points of the contour integrals for k ^ are solutions to the Bethe equations 





dS 

S{P\z) 



N J M 







N M N M 

Kln</) = ^/a/f,ln(Za - ^b) + ^ln(/ii - ^Ij) - ^^^^^Ja ln( 

a<h i<j a=l j=l 



(5.13) 



(5.14) 



According to the remark in the end of Section 4 analytical properties of the Bethe vectors 
of the osp{l\2) Gaudin model coincide with the analytical properties of the sl{2) Gaudin 
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model. Thus, the expression for the norm of the Bethe vectors ^ 
first term in the asymptotic expansion k — > coincides also 



, = det 

N 



la 



M 



obtained as the 



(5.15) 



, for j 



(5.16) 



Finally we notice that the modification of the Gaudin hamiltonians we discussed at the 
end of the previous Section can be easily transfered to the corresponding modification of 
the Knizhnik-Zamolodchikov equations. The modification ( 4.16 ) for the sl{2) Gaudin 
model was studied in [^] as a quantization of the Schlesinger system (see also |lH]) . Both 
modifications are related with extra factors in the integrating scalar function (|5.3|) 



t>j = exp I — 

* K 



0,1,2 , 



where Sq = S (|1|) and 



M 



N 



Si 



So + g^fJ-j - laZa , 

j=l a=l 
^ M ^ N 



(5.17) 

(5.18) 
(5.19) 



j=l a=l 

correspond to the first ( [4.16 ) and second ( [4. 29] ) modification respectively. 



6 Conclusion 

The Gaudin model corresponding to the simplest non-trivial Lie superalgebra osp{l\2) 
was studied. A striking similarity between some of the most fundamental characteristics 
of this system and the sl{2) Gaudin model was found. Although explicitly constructed 
creation operators Bm (|3.37D of the Bethe vectors are complicated polynomials of the 
L -operator entries ^''''(A) and X~^(X) , the coordinate form of the eigenfunctions differs 
only in signs from the corresponding states in the case of sl{2) model. Moreover, the 
eigenvalues and the Bethe equations coincide, provided that the sl{2) Gaudin model 
with integer spins is considered. 

Let us point out that by the method proposed in this paper one can construct ex- 
plicitly creation operators of the Gaudin models related to trigonometric Izergin-Korepin 



r -matrix pO| and trigonometric osp{l\2) r -matrix |27] which have the same matrix 
structure as ( |3.2| ). Similarly to the simple Lie algebra case solutions to the Knizhnik- 
Zamolodchikov equation were constructed from the Bethe vectors using algebraic prop- 
erties of the creation operators Bm and the Gaudin realization of the loop super- 
algebra £_|_(osp(l|2)) . This interplay between the Gaudin model and the Knizhnik- 
Zamolodchikov equation enabled us to determine the norm of eigenfunctions of the 
Gaudin hamiltonians 

II ^(w,.../.M;K}f) f=det(^^ 
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The difficult problem of correlation function calculation for general Bethe vectors 



c {/ujf ; {Afcif ) = , B*M{yu . . . um) n ^(^fc) BM{^ll, . . . ^iM)^yj 

was solved nicely for the si (2) Gaudin model in Q using the Gauss factorization of the 
loop algebra group element and the appropriate Riemann-Hilbert problem. Although the 
corresponding factorization is known even for the quantum superalgebra ospq{\\2) 
the final expression of the correlation functions is difficult to obtain due to the complicated 
structure of the creation operators i?M(A*i) ■ ■ ■ Mm) = Poly(u^,X+) ( |3.37| ). The study 
of this problem is in progress and the following expression for the scalar product of the 
Bethe states is conjectured (cf. P) 

(Q_ , Bl,{vi, . . . um)Bm{^i, ■ ■ ■ m)^~) = J2 ("If^"^ detX'^ , 

(t€Sm 

where the sum is over symmetric group Sm and M x M matrix M'^ is given by 
^ p{H)-piMj)) y I 



1 

(Mi - P'k)il^a{j) - ^a(k)) 



M% = T^TT 7. 7> for j,A; = l,2,...M. 



7 Acknowledgements 

We acknowledge useful discussions and communications with N. Yu. Reshetikhin, 
V. O. Tarasov and T. Takebe. This work was supported by the grant PRAXIS 
XXI/BCC/22204/99, INTAS grant N 99-01459 and FCT project SAPIENS-33858/99. 



23 



References 

[1] L. D. Faddeev, How algebraic Bethe Ansatz works for integrable models, eds. A. 
Connes, K. Gawedzki and J. Zinn-Justin, Quantum symmetries / Symetries quan- 
tiques, Proceedings of the Les Houches summer school, Session LXIV, Les Houches, 
Prance, August 1 - September 8, 1995, North-Holland (1998) 149-219. 

[2] P. P. Kulish and E. K. Sklyanin, Quantum spectral transform method. Recent de- 
velopments, eds. J. Hietarinta and C. Montonen, Lecture Notes in Physics, 151 
Sprmgcr (1982) 61-119. 

[3] M. Gaudin, Diagonalisation d'une classe d'hamiltoniens de spin, J. Physique 37 
(1976) 1087. 

[4] M. Gaudin, La fonction d'onde de Bethe, Masson, Paris (1983) Ch. 13. 

[5] E. K. Sklyanin, Separation of variables in the Gaudin model. Zap. Nauch. Semin. 
LOMI 164 (1987) 151-164 (in Russian); J. Sov. Math. 47 (1989) 2473-2488 (English 
transl.). 

[6] E. K. Sklyanin, Generating function of correlators in the sl2 Gaudin model, Lett. 
Math. Phys. 47 (1999) 275-292. 

[7] B. Jurco, On integrable models related to quantum optics. An algebraic Bethe Ansatz 
aproach, J. Math. Phys. 30 (1989) 1739-1743. 

[8] H. M. Babujian and R. Flume, Off-shell Bethe Ansatz equation for Gaudin magnets 
and solutions of Knizhnik-Zamolodchikov equations. Mod. Phys. Lett. A 9 (1994) 
2029-2039. 

[9] B. Feigin, E. Frenkel, and N. Reshetikhin, Gaudin model, Bethe Ansatz and 
correlation functions at the critical level, Commun. Math. Phys. 166 (1994) 27-62. 

[10] N. Reshetikhin and A. Varchenko, Quasiclassical asymptotics of solutions to the 
Knizhnik-Zamolodchikov equations, ed. S.-T. Yau, Geometry, topology and physics 
for Raoul Bott, Lect. Notes Geom. Topol. 4 (1995) 293-322. 

[11] E. K. Sklyanin and T. Takebe, Separation of variables in the elliptic Gaudin model, 
Commun. Math. Phys. 204 (1999) 17-38. 

[12] P. P. Kulish, Quantum OSP-invariant nonlinear Schrddinger equation, Lett. Math. 
Phys. 10 (1985) 87-93. 

[13] T. Brzezinski and A. J. Macfarlane, On integrable models related to the osp{l,2) 
Gaudin algebra, J. Math. Phys. 35 (1994) 3261-3272. 

[14] L. A. Takhtajan and L. D. Faddeev, The spectrum and scattering of excitations 
in the one- dimensional isotropic Heisenberg model. Zap. Nauch. Semin. LOML 109 
(1981) 134 (in Russian); J. Sov. Math. 24 (1984) 241 (English transl.). 

[15] M. J. Martins, The exact solution and the finite-size behaviour of the OSp{l\2) - 
invariant spin chain, Nucl. Phys. B 450 (1995) 768-788. 



24 



K. Sakai and Z. Tsuboi, Thermodynamic Bethe ansatz equation for osp{l\2) inte- 
grable spin chain, Mod. Phys. Lett. A, 14 (1999) pp. 2427-2435. 

V. O. Tarasov and A. Varchenko, Asymptotic solutions to the quantized Knizhnik- 
Zamolodchikov equations and Bethe vectors, Mathematics at St. Petersburg, AMS 
Transl. Ser. 2 174 (1996) 235-273. 

N. Yu. Reshetikhin, The Knizhnik-Zamolodchikov system as a deformation of the 
isomonodromy problem, Lett. Math. Phys. 26 (1992) 167-172. 

H. M. Babujian and A. V. Kitaev, Generalized Knizhnik-Zamolodchikov equations 
and isomonodromy quantization of the equations integrable via the inverse scattering 
transform: Maxwell-Bloch system with pumping, J. Math. Phys. 39 (1998) 2499- 
2506. 

V. O. Tarasov, Algebraic Bethe Ansatz for the Lzergin-Korepin R-matrix, Theor. 
Math. Phys. 76 (1988) 793-803. 



M. Scheunert, W. Nahm and V. Rittenberg, Irreducible representations of the 
osp{2, 1) and spl{2, 1) graded Lie algebras, J. Math. Phys. 18 (1977) 155-162. 

V. V. Mkhitaryan, Gaudin magnet and off-shell Bethe wave functions, Theor. Math. 
Phys. 113, (1997) 1217-1230. 

P. P. Kulish and N. Reshetikhin, Universal R-matrix of the quantum superalgebra 
osp{2\l) , Lett. Math. Phys. 18 (1989) 143-149. 

H. Saleur, Quantum osp{l,2) and solutions of the graded Yang-Baxter equation, 
Nuc. Phys. B 336 (1990) 363-376. 

R. W. Richardson, Exact eigenstates of the pairing-force hamiltonian II, J. Math. 
Phys. 6 (1965) 1034-1051. 

V. G. Knizhnik and A. B. Zamolodchikov, Current algebras and Wess-Zumino 
model in two dimensions, Nucl. Phys. B 247 (1984) 83-103. 

A. Lima-Santos and W. Utiel, "Off-sheh Bethe Ansatz equation for osp{l\2) Gaudin 
magnets," (|nhn-si/0008002D 



E. V. Damaskinsky, P. P. Kuhsh and M. A. Sokolov, Gauss decomposition for 
quantum groups and supergroups. Zap. Nauch. Semin. POMI 211 (1995) 11-45. 



25 



